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Scalar-Based Finite Element Modelling of 3D Eddy Currents in Thin
Moving Conducting Sheets

N. Allen D.Rodger H.C. Lai and P.J.Leonard
University of Bath, Bath Avon BA2 7TAY, U.K.

Abstract—A new set of formulations is presented
for the 3D eddy current finite element analysis of
thin moving conducting sheets. The conducting sheet,
moving at a constant linear velocity in the direction
of the sheet plane, is modelled using two scalar quan-
tities, 7" and the normal component of the magnetic
flux density. The second scalar, B - n, is introduced
to maintain a second order partial differential equa-
tion system. Scalar potentials are used to model the
nonconducting regions. This scheme, implemented for
time-harmonic cases, is compared with the more usual
A — ¢ method using a computer model, and force pre-
dictions agree favourably. In the DC limit, it is possi-
ble to eliminate the T variable, thereby retaining only
the B -n scalar in the sheet description. Two experi-
mental test problems serve to illustrate drag and lift
force predictions obtained using the two new schemes,
T-B-n—4 and B-n - , and the more usual moving
A — ¢ formulation.

INTRODUCTION

A number of electromagnetic devices contain georne-
tries which prove to be challenging when modelled using
finite elements. One type of complexity may be a physi-
cal dimension which is significantly smaller than the oth-
ers. For example, a design of maglev coll-track systems
may involve the use of relatively thin track sheets of fi-
nite widths and extensive lengths. The finite elements
used in the modelling discretization can present such a
high aspect ratio that accuracy is deteriorated. In order
to limit the aspect ratio to reasonable values, it may be
necessary to significantly increase the number of elements,
sometimes beyond available computer capabilities.

A new finite element formulation is presented for 3D
eddy current modelling of thin linear conducting sheets
moving at a constant linear velocity in the direction of
the sheet planes. Two scalar variables, 7' and the nor-
mal component of B, are used to describe the conducting
sheet region, while scalar potentials are used to model
sources and non conducting regions. The scheme is more
economical for appropriate problems than the more gen-
eral three-component magnetic vector potential used in
the moving A — ¢ method [1].
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The new schemes may be used in situations where the
moving conductor thickness is less than the skin depth
of the material, this allows the assumption that current
density is constant across the thickness of the conducting
region, so that conducting sheets can be modelled as sur-
face elements. This scheme may lead to a considerably
more accurate solution than the A — ¢ method for very
thin sheets since the material thickness is only used as a
parameter and no thin elements are present in the mesh.
Furthermore, in the DC limit, it is demonstrated that it
is possible to eliminate the T variable, thereby retaining
only the B - n variable in the sheet description.

Fig. 1. Showing the sheet variables

FiNITE ELEMENT FORMULATIONS

The moving eddy current problem is partitioned into
three regions, as shown in Fig. 1. Regions without eddy
currents are modelled using the total and reduced mag-
netic scalar potentials, as is fully described in [2]. Both
scalar potentials give rise to a Laplacian-type equation of
the form

V-uVip = 0. ()

The first of the new schemes uses two scalars, T" and the
normal component of the flux density B - n to model the
thin sheet, while the second is restricted to DC problems
and only requires the B - n scalar.
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T — B -n Formulation

For conducting sheets which are thin compared to the
skin depth of the material, it is reasonable to assume a
uniform distribution of the eddy currents across the thick-
ness of the sheet. Therefore, as described in [3], a surface
current density is defined as

K=2Jd, (2)

where d is the thickness of the sheet.
Since K varies only on the sheet plane, it is economical
to represent it in terms of a scalar quantity 7" such as

K= —é—(VT x ). (3)
at
If the sheet moves at a constant linear velocity w in the
direction of the sheet plane, then the Minkowski transfor-
mation can be applied to bring the moving body to rest
through the addition of a motional emf term u x B and
the expression for the surface current becomes

%
K.;; = i;—t(VTxn)—{—do(uxB), (4)

where o is the sheet conductivity.
The thin sheet is now modelled as a surface and the
appropriate interface conditions are applied.

Interface Conditions at the Sheet Surface

At a point on the surface, the scalar quantity 7" can be
related to 1y and 1 on either side of the surface using
the condition on H x n:

Vi xn— Vg Xxn = %(VT xn)+do(ux B) (5)
Dividing (5) by od, performing the curl, and then ex-
tracting the normal component yields

[VxL(Viy xn— Vi xn)] ' n = (6)
{Vx;—d%(VT xmn)] -n—(a-V)B - n).

An expression for B - n in terms of T is obtained from
Faraday’s law and is of the form:

B n=- Vxﬁ(VTxn) ‘n (7

Equation (7) identifies the new variable B - n indepen-
dently, since its inclusion into (6) would yield a third order
term and therefore violate the continuity constraints when
applying the finite element method.

Clontinuity of B - n across the thickness of the sheet
1s ensured by recasting the usual surface integral terms of
B -n arising from the Galerkin treatment of (1) in terms of
T using (7). Furthermore, no jump due to surface currents

is possible at the edge of the sheet, so 11 = 1 15 set on
the periphery of the sheet.

It is important to note that (4) is not a complete de-
scription of current since the assumption of divergenceless
J for quasimagnetostatics is not respected. An electric
scalar term ( VV ) is required to ensure that the compo-
nent of J coming out of the plate edge is zero. However,
since the formulation includes taking the curl of (4), the
electric scalar term vanishes, as the curl of grad is identi-
cally zero. Furthermore, since the surface current density
can be expressed in terms of the scalar potentials on either
side of the sheet, the requirement for V in representing the
current is eliminated.

The Galerkin weighted residual method is applied and
the resulting asymmetric ¥, 19,7, B - n system of equa-
tions is solved using a preconditioned biconjugate gradient
schemme.

B - n Formulation

At DC, (6) reduces to

wi(w}l 1 — Vi x n)| -n=—(u-V)(B-n) (8)

and T is no longer required. The magnetic scalar equa-
tions can be linked directly using B - n. However care
must be taken when solving such matrix systems which
contain velocity diagonal entries only.

VERIFICATION

Results from the two new formulations are compared
with those obtained from the more established moving
A — 1) method, described and validated in [1]. The models
are chosen such that the accuracy of the A — 1 method is
not deteriorated by the aspect ratio of the elements. Two
test problems involving DC currents have been found in
the literature.

DC Current Moving Cotl Ezperiment

The first experiment consists of a DC coil fixed over a
spinning aluminium sheet which has been used for maglev
research [4]. A linear model is illustrated in Fig. 2, the
dimensions of which are listed in Table I.

The thin sheet is modelled using either A, T'— B - n
or B - n formulations. A frequency of 0.1Hz was used for
the 77— B -n method, otherwise DC. The A method used
contains an upwinding scheme [5]. The lift and drag force
predictions are shown in Figs. 3 and 4, respectively.

In the sheet models, the sheet is located at the centre
plane of the plate. All three computer model force re-
sults, all calculated using the method of Maxwell stress,
agree with each other. The near constant discrepancy be-
tween the predicted and experimental forces, as can be
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Fig. 2. Moving coil model

TabBLg 1

Moving coil model parameters
sheet length 4.6m
sheet length for wake (from centre of coil)  2.8m
sheet width 0.8m
sheet thickness 10mm
conductivity of aluminium sheet 3.278E-7 S/m
coil length (outer dimensions) 0.441m
coil width (outer dimensions) 1.490m
height of coil windings 35mm
width of coil windings 41.5mm
internal radius of coil 0.169m

number of turns of coil 252
distance midsheet - midcoil 225min
coil current 200A

seen in Tables II, 111, and IV, cannot be clearly explained
as yet. The thickness of the sheet was modelled by var-
ious discretisations of the A method and similar results
were obtained, eliminating the possibility that the thin
sheet approximation is invalid and causing the error. The
drag force calculated from Joule heating is also shown
on the tables and good agreement with Maxwell stress is
obtained. However, a number of force comparisons for dif-
ferent separation distances between sheet and coil seem to
indicate that the magnitude of forces is very sensitive to
separation. For example, one particular change of 10mm
in separation distance produced a variation of approxi-
mately 10% in forces. Therefore it is possible that the
error is due to a misinterpretation of the model specifica-
tion rather than a formulational difficulty. Graphs of B-n
and current density vectors are shown in Figs. 5 and 6,
respectively.

50 Hz Computer Model

Table V shows a comparison between the A and 7—Bn
methods for the model described in Table I at 50Hz. Good
agreement is obtained for the AC moving case.

Fig. 3. Lift force results - moving coil experiment
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Fig. 4. Drag force results - moving coil experiment

C-Core Magnet Experiment

This experiment, consisting of a C-core magnet mov-
ing over an aluminium sheet, is fully detailed in [1]. The
frequency used for the T'—B-n model is 1 Hz and the com-
parison between the the force predictions for the three for-
mulations is shown in Fig. 7. The agreement between the
three sets of computed forces is within 2%, while the max-
imum discrepancy with the experimental measurements is
approximately 8%.

CONCLUSIONS

Two new formulations based on scalar variables are
used to model thin moving sheets. Force and flux density
predictions obtained using these schemes compare very
favourably with the more usual moving A — ¢ method.
While a non negligible constant discrepancy with a spe-
cific set of experimental measurements is recognized, the
error 1s most probably due to a misinterpretation in the
model specifications rather than a formulational difficulty.
The methods are further compared with a second test
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TaBLE 11

Discrepancy between experiment and A method

TaBLE TV

Discrepancy between experiment and B - n method

Speed  Lift force error (%) Drag force error (%) Speed  Lift force error (%) Drag force error (%)
(m/s) Maxwell stress Maxwell stress  Joule heating (m1/s) Maxwell stress Maxwell stress  Joule heating
05 19.7 22.0 21.8 05 20.1 20.8 21.7
10 21.3 18.9 18.4 10 21.3 18.8 19.3
15 20.2 17.4 16.4 15 20.6 18.5 19.4
20 18.9 18.4 16.8 20 19.9 20.6 21.4
R L [ Ae6A
TaBLE II1
Discrepancy between experiment and 7 — B - n method
Speed  Lift force error (%) Drag force error (%) ; ‘\-_
(m/s) Maxwell stress Maxwell stress  Joule heating *1 i
05 204 20.3 24 _ Vs —
10 21.2 18.8 18.3 ,’/,”MW: i /; = ANV s e
15 20.6 18.7 18.8 s Vo SRR
A ‘ _ e T G AN TN SRR
20 19.9 20.8 20.4 L LIDDL LIS 7R} Wi
(2227277777277 77 \ \ fvprr e
Prr ety e {\ inut'
"’L!us’op'syn!qﬁ}'zy”l"l A Y“"l'"lll'
problem and much closer agreement is obtained between i
computed and measured force results. i o o
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Fig. 7. Lift and drag forces

TaBLE V
Discrepancy between A — ¢ and T — B - n methods at 50Hz

Speed = 10m/s
Lift force (N)

Drag force (N)
12.1

A — 616.2
T-B.n 588.8 11.5
Error (%) 4.4 5.0

Speed = 20m/s
Lift force (N)  Drag force (N)

A-vy 608.2 25.0
T-B.n 582.8 25.4
Error (%) 4.2 1.6




