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Abstract- The electromagnetic phenomena in   the MHD,de- 
vices ,   l inear   induct ion machines a n d  the   t ranspor ta t ion  
of c a r r i e r s   i n  plasma a n d  semiconductors  are  subjected 
t o  t h e   c o n v e c t i v e   d i f f u s i o n   e q u a t i o n .  To s o l v e   t h e  
equation by numerical methods  has recent ly  become o f  a 
great  importance. The paper  presents  the FEM analysis  
o f  l inear   induct ion machines  assuming t h a t   t h e   f i e l d  
q u a n t i t i e s  have reached  the  steady  state.  

INTRODUCTION 

Convective  diffusion  equation  will  appear  in  the 
hydrodynamic,   aerodynamic  and  var ious  t ransport  
phenomena. For example,  in  the  electrical  e.ngineering, 
the  electromagnetic  f ields of M H D  generators and l i n e a r  
induction  motors (LIMs) are  subjected t o  the  equation. 
Since i t  contains  the Lagrange der iva t ive  or substan- 
t i a l   de r iva t ive ,   t he   f i n i t e   e l emen t  method (FEM) has 
been hardly  applied t o  the  analyses of the M H D  gener- 
a t o r s  a n d  LIMs owing t o  the  asymmetric  nature of the 
s t i f fness   mat r ix .  Some authors  [1]-[4]  reported  the FEM 
analyses of t he   s t a t iona ry  o r  very  low-speed LIM,  in  
which the  s ignif icant   convect ive term [5] may n o t  play 
a g r e a t   r o l l   a t   a l l  b u t  the   diffusion term i s  dominant, 
t h a t  i s ,   t h e   s e r i o u s  end e f f e c t  [ 6 ]  can   no t   ex i s t .  
However, no s tudies  on the  high-speed LIMs have n o t  
been published  yet. I n  the  present  paper, we shal l   in-  
troduce  the FEM ana lys i s  of eddy currents  problem sub- 
j e c t  t o  the  convective  diffusion  equation  based on  the 
complex representat ion of f i e l d   q u a n t i t i e s .  Also we 
sha l l  show the  f ie ld   calculat ions  of   the  low- and  high- 
speed LIMs with  the  single-layer  winding[6]. 

CONVECTIVE  DIFFUSION  EQUATION AND DISCRETIZATION 

The convective  diffusion  equation, which appears 
in   the LIM, i s  expressed  in  the  following form in   the  
xz-two-dimensional  plane as shown in  Fig. 1. 

where A i s   t h e  magnetic  vector  potential ,  v i s  t h k  
secondayy  cruising  speed, v i s  the   re luct iviZy,  u i s  
t h e   c o n d u c t i v i t y ,  and Je ,   i s   t he   ex t e rna l   supp ly -  
current   densi ty .  I n  equation (l), t h e   e f f e c t  of  the 
eddy cur ren ts  due t o  the  gradient  of t h e   e l e c t r o s t a t i c  
s c a l a r   p o t e n t i a l ,   i . e . ,  - V $ ,  do n o t  appear   expl ic i t ly  
b u t  i s  approximately  taken  account of by the conduc- 
t i v i t y   m u l t i p l i e d  by t h e   c o r r e c t i o n   f a c t o r [ 7 ]  im- 
pl i c i t l y .  

Suppose t h a t   t h e   t r a n s i e n t  i n  time  ceases a n d  a l l  
the   e lec t romagnet ic   quant i t ies   vary   s inusoida l ly   a t  a n  
angular  frequency w the  t ime  derivative  is   replaced 
with j w 1 ,  where the j i s  imaginary  unit .  

I n  the   las t   equat ion,   the   var iables   with  the d o t  denote 
the complex q u a n t i t i e s .  

Assuming tha t   a l l   the   quant i t ies   vary   l inear ly   in  
the  triangular  sub-domains, where the  basis  functions 
a re   t he   p i ecewise   l i nea r   app rox ima t ions ,   s ay ,  
[ N 1 , N 2 , N  1 ,  the  vector   potent ia l   wi thin each  element  1s 
expressei   as a l i nea r   i n t e rpo la t ion  of i t s  values a t  
t he   t h ree   ve r t i ce s ,  t h a t  i s ,  

Aje(r,z)= CNI,N2,N,I  [A,e,A,e,A,-] ( 3 )  

where the   subsc r ip t s   r e f e r  t o  the   th ree   ver t ices ,  or 
nodes, a n d  

N'={(xJak-xkz,)t(zj-Z~)Xt(Xr-X~)Z}/2d, 
( 4 )  

= a , + b , r + c i z  
where A e i s  a n  area of the   t r iangle  and  a cyclic  per- 
mutation of the   ind ices   re fe rs   to   the   o ther   ver t ices .  
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Fig. 1. Model for   ana lys i s  of t u b u l a r  LIM. 

Fig. 2 .  Local coordinate  system. 

Applying  Galerkin method t o  ( Z ) ,  the  equation may 
be rewr i t ten   as  

C S  ~~.~~~rvi~It~N,IC~bI~vCN,ltCN,IC~nI 

t u  ~ , C N I ' C N , I C ~ * I + ~  u ~,CNI~CNICA"I+J ,CNI}~X d Z =  o ( 5 )  

where the  subscr ipts  x and  z in  ( 5 )  denote  the f i r s t  
order  derivative  with  respect t o  x and z respect ively.  

I n  the   l as t   equa t ion ,   the   th i rd  term  in  the i n -  
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t e g r a n d   i s  due t o   t h e   s i g n i f i c a n t   f i r s t   o r d e r   d e r i v a -  
t i v e   [ 5 ]   i n   ( 2 ) ,   w h i c h  m a k e s   t h e   g l o b a l   s t i f f n e s s  
ma t r i x   asymmet r i c .  The o t h e r s   a r e   t h e  same as  those 
d e r i v e d   f r o m   t h e   r e g u l a r   P o i s s o n ' s   e q u a t i o n .   I n   t h e  
present   paper ,  we s h a l l   t r e a t   t h e   c o n v e c t i v e   t e r m  and 
t h e   t r a n s f o r m e r   t e r m ,   t h a t   i s ,   t i m e   d e r i v a t i v e  one  due 
t o   t h e   d i f f u s i o n .  

F i g .  2 shows t h e   l o c a l   c o o r d i n a t e   s y s t e m   i n  one 
t r i a n g u l a r   s u b - d o m a i n ,   w h e r e   t h e   o r i g i n   i s   s e t   o n  one 
o f   t h e   t h r e e   v e r t i c e s ;   I n   t h i s   c a s e ,   t h e   p o i n t   " 3 "   o f  
wh ich   coord ina te  i s  (x3,z3) i n   t h e   o r i g i n a l   c o o r d i n a t e  
system i s   s e l e c t e d  as a new o r i g i n .  

The p o s i t i o n   v e c t o r  r i n   t h e  domain,  which  issues 
f r o m   t h e   o r i g i n a l   o r i g i n ,   i s   e x p r e s s e d  as, 

, r = x 3 ~ t z ~ ~ t 1 t 5 i ~ 1 + 1 z 5 z ~ z  ( 6 )  

where 4, k ,  Gl, and G2 a r e  base i n  each  coordinate  sys- 
tem, a l s o  f, and g2 are  expressed  as,  

h 

If we p u t  F 3=1-( 1+ 5 z) ,  t h e   p o s i t i o n  
r e w r i t t e n  as, 

S i m i l a r l y  we can   ob ta in   t he   ano the r  
(3 )   i n   t he   sub -doma in   as ,  

i y ' ( x , z ) =  E P 1 , 5 2 , 5 3 1   c A t * , i z e , A 3 e 1  

( 9 )  

r i s   f i n a l l y  

(10 )  

e x p r e s s i o n   o f  

Consequent ly   the  Ni i n   ( 3 )  becomes  as f o l l o w s ,  

CN1 CNxI = C 5 1 , i 2 , € 3 1  Cbt,bz ,b31 / 2 A e  (13)  

CN1 CNI = C € 1 , 5 z , F 3 1  C € t . € z , E 3 I  (14)  

To eva lua te   t he   i n teg rand   fo r   t he   convec t i ve   and  
the   t rans former   te rms  by   the   Gauss ian  7 p o i n t s   n u m e r i -  
c a l   i n t e g r a t i o n ,   t h e   r e q u i r e d   e q u a t i o n s   w i t h   i n t e g r a t e d  
c o e f f i c i e n t s   f o r   t h r e e  nodes i n  each mesh will be writ- 
ten   as ,  

w h e r e   F i r s   a r e   t h e   s e v e n   d i s t i n c t   p o i n t s   i n   t h e   i n -  
t e g r a t e d   i n t e r v a l  and wrs a re   we igh ts .  

Assembling a l l   t h e   s t i f f n e s s   m a t r i c e s   o f   a l l   e l e -  
ments, we c a n   o b t a i n   t h e   f o l l o w i n g   g l o b a l   e q u a t i o n s   i n  
m a t r i x   f o r m .  

Cil CAI = Cil ( 1 6 )  

where [SI i s   t h e   g l o b a l   s t i f f n e s s   m a t r i x ,  [ A ]  are  un-  
known p o t e n t i a l s   a n d  [J]  i n c l u d e s   t h e   e x t e r n a 1 , s u p p l y -  
c u r r e n t s .   H e r e   t h e   g l o b a l   s t i f f n e s s   m a t r i x   e x h i b i t s   t h e  
band s t r u c t u r e   b u t   c o n t a i n s   t h e   a s y m m e t r i c  components 
such  as ( 1 5 ) .  

Odamura[4]  used the  upwind  Galerk in   method[5]   and 
t h e   C r a n k - N i c o l s o n   p r o c e d u r e   t o   i n t r o d u c e   t h e   a r t i f i -  
c i a l   v i s c o s i t y   c o e f f i c i e n t   f o r   t h e  sake o f   t h e   c o n v e r -  
gence o f   t h e   o s c i l l a t o r y   i t e r a t e d   v a l u e s ,   h o w e v e r ,   t h e  

m e r i t   o f   h i s  method  has  not  been  found i n  suci, h i s   v e r y  
low-speed  LIM.  Besides i t s  programming i s   n o t  so  easy 
because o f   t h e   i n t r o d u c t i o n   o f   s u c h  an a r t i f i c i a l   c o e f -  
f i c i e n t .  

The m e r i t   o f   o u r   m e t h o d   i s   s t r a i g h t f o r w a r d   i n   v i e w  
o f   a s s e m b l i n g   t h e   g l o b a l   m a t r i x  and t h e   r e s u l t s   a r e  
s u r e   t o  be s t a b l e   i n   t i m e .  Though t h e   d e m e r i t   i s   t h a t  
t h e  more  memories  should be necessa ry   f o r   compu ta t i ons ,  
such a demer i t   can  be  overcome  by  adopt ing  the asym- 
m e t r i c  band mat r ices   method  together   w i th   the   Gauss ian  
e l i m i n a t i o n . o n e .   A l s o   t h e   p r e s e n t  FEM p r o c e d u r e   i s  
a v a i l a b l e  on the  micro-computer   systems  wi th   the  smal-  
1 e r  memori  es . 

FLUX DISTRIBUTIONS OF LOW- AND HIGH-SPEED LIMS 

A1 1 computat ions  were  performed  on  the  16-bi ts 
micro-computer  systems  (8086 CPU and  8087 NDP) w i t h  640 
KB ma in   memor ies   and   1920  KB m e m o r y   d i s k .  When t h e  
Gauss ian   e l im ina t i on   p rocedure   can   be   app l i ed   t o   t he  
g loba l   equa t ions   t ak ing   accoun t   o f   t he   asymmet r i c   band  
ma t r i ces ,  we can  assure   the   sa t is fac to ry   h igh   speed  and 
h i g h   p r e c i s i o n   f o r   c a l c u l a t i o n s   i n   s p i t e   o f   u s i n g   t h e  
micro-computer  systems. 

(1) Low-speed t u b u l a r   L I M  

F i g .  3 shows t h e   f l u x   d i s t r i b u t i o n s   o f   t h e   l o w -  
speed tubu la r   L IM  ( synch ronous   speed   o f  39 km/h) w i t h  a 
r i n g - w i n d i n g   o r   s i n g l e - l a y e r   w i n d i n g [ 6 ]   a t   t h e ,   s l i p s  o f  
1.0, 0.5  and  zero. It i s  assumed t h a t   t h e   L I M   t r a v e l s  
i n   t h e   c o m p o s i t e   m e t a l l i c   t u b e ( i n n e r   a l u m i n u m   t u b e ,  
o u t e r   i r o n   o n e )   a s  shown i n   F i g .  1 and  the  magnet ic  
s a t u r a t i o n   c a n   n o t   o c c u r   o w i n g   t o   t h e   l a r g e r   a i r   g a p s .  
The  number o f  nodes  necessary f o r   c o m p u t a t i o n s  was 752. 

Entr 

D i r e c t i o n  o f  M o t i o n  - 

P r i m a r i e s   S e c o n d a r i e s  

( a )  S1 ip=l.O 

( b )  Slip=O.5 

F i g .  3. F l u x   d i s t r i b u t i o n s   o f   l o w - s p e e d   t u b u l a r   L I M .  
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Since  the  stationary  pulsating mmf[6] always  ex- 
i s t s   i n   t he   s ing le - l aye r  winding,  each f i e l d   i s   p e r -  
turbed  considerably a n d  the  leakage  f lux from the  backs 
and both  the  ends  of  the  primary  cores i s  observed. 

I n  the  yoke portions of the  primaries a n d  the back 
iron  cores of the  secondaries,  the  magnetic  flux  den- 
s i   t y  becomes less   than 1 .0  [TI, Therefore i t   i s  jus- 
t i f i e d  t h a t  the  magnetic  saturation can n o t  occur. 

A t  t h e   s l i p  of  zero,  the  eddy  currents due t o  the  
end e f f e c t  decay  gradually t o  be car r ied  o u t  downstream 
a n d  produce  the  drag  force a t  t h e   e x i t  end. 

( 2 )  High-speed DLIM 

Fig. 4 shows the   f l ux   d i s t r ibu t ions  of the  high- 
speed  double-sided LIM ( f o r   s h o r t ,  DLIM, synchronous 
speed of 494.2 k m / h )  with a s ingle- layer  winding a t  the  
s l i p s  of 0 .5 ,  0.1 and zero. The number of nodes  nec- 
essary  for  computations was 1560. 

D i rec t ion   o f  Motion - 
Entry End 

Primaries  Secondary / 

( a )  S l ip=0.5  

( b )  S1 ip=O. 1 

( c )   S l i p = O  

Fig.  4.  Flux d i s t r i b u t i o n s  of high-speed DLIM. 

When the LIM has a hollow aluminum secondary  con- 
duct ing  plate  [8] w i t h  3 mm thickness webs and 10 mm 
hole  width, a t   t h e   s l i p  of  0.5,  the  secondary  eddy  cur- 
r e n t s ,  of which s l ip   f requency becomes h ighe r ( in   t h i s  
case,  220 Hz),  suppress  the  alternating  flux  produced 
by the   s ta t ionary   pu lsa t ing  mmf a s   s t a t ed .  

O n  t h e   o t h e r  h a n d ,  a t   t h e   s l i p s   o f   0 . 1  a n d  
zero(synchronism),  the  serious end e f f e c t   i s  b r o u g h t  
a b o u t  t o  d i s t o r t   t h e   f i e l d s .  The leakage  flux  can be 
seen  out of the  backs a n d  b o t h  the  ends of the  primary 
cores .  

The eddy cur ren ts  due t o  the  end e f f e c t  wave a r e  
car r ied  away downstream t o  produce the  considerable 
d r a g  forces  a t  t h e   e x i t  end zone. Also the  end e f f e c t  
a t  the   lower  s l ip   is   remarkable   in   the  entry end zone 
t o   p r e v e n t   t h e   m a g n e t i c   f i e l d  a t  the  zone  from 
building-up. 

CONCLUSIONS 

The paper  has  demonstrated  that  the FEM of eddy 
cur ren ts  problem subject  t o  the  convective  diffusion 
equation, when the  sinusoidal  changes  in  time  occur, i s  
readi ly   appl ied  to   the numerical analysis  of l o w -  and 
high-speed LIMs on ly   i f   t he  asymmetric band matrices 
method i s  incorporated  into  Gaussian  elimination  proce- 
dure.  Also  the  method i s   a v a i l a b l e  on  the  micro-  
computer  systems  with the  smaller  main memories. 
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