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’ =  E + U  /j w 
Gi i s  t h e  Green’s function given a s  

A B S T R A C T  
A new formulation for an eddy current analysis is 

presented. T h e  formulation is based o n  EFIE and MFIE 
which are deduced from Maxwell’s equation by using the 
vector Green’s theorem. EFIE and MFIE are reduced to 
o n e  boundary integral equation o n  the assumption that 
the electromagnetic fields in the metal are attenuated 
very rapidly compared with those along the surface. 
T h i s  method is especially effective in induction heat- 
ing frequencies, but is valid in any frequency which 
jnstifies the above assumption. 

with the wave number ki given a s  
k i = j w  Jrr‘ 

and the distance r from a source point P, to a n  o b s e r -  
vation point P, and T is given a s  

T=l for the value inside the surface, 
T=2 for the v a l u e  o n  the smooth surface. 
T h e  electric and magnetic fields E o ,  MO outside the 

medium whose permittivity and permeablity a r e  E ~ ,  

P, satisfy Maxwell’s equation given as 
J n t r o d u c t i o n  

T h e  boundary integral equation method has been used 
for analyzing scattering problems of electromagnetic 
waves 1 1 1 ,  and adopted for analyzing eddy current 
problems [ 2 - 6 1 .  However, the electromagnetic constants 
between a metal object and its surroundings a r e  S O  

different that it i s  difficult to analyze low fre- 
quency eddy currents numerically. 

I n  this paper, universally applicable boundary inte- 
gral equations are deduced from Maxwell’s equation by 
applying the vector Green’s theorem, and a n e w ,  effec- 
tive boundary integral equation is derived for the 
eddy current analysis in low frequencies. T h i s  method 
is applied to a n  induction heating analysis in order 
to examine t h e  adequecy of the equation. 
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F O R M U L A T I O N  O F  
E L E C T R O M A G N E T I C  F I E L D S  

The  electric and magnetic fields Ei, Mi inside a 
homogineous and isotropic medium satisfy Maxwell’s 
equation given as [TI 

V x E i + j  o r H i = O  
VxHi-(o+jw E )biz0 
v-Bi=o 
V .E i = O  

(1 2) -bo xEo,) x V  G o -  (no *Eos) V Go 1 d S  

where S is the surface of 
S denotes the value of th 
normal (no=-ai) and Go is 
a s  

the medium, the subscript 
surface, mo is the unit 

the Green’s function given 

where w is a n  angular frequency, U ,  E and P are 
the conductivity, permittivity and permeability of 
the medium and j=  m. 

T h e  electromagnetic fields E l p r  M i ,  at an observa- 
tion point P p  inside the medium are given by the 
electric field integral equation (EFIE) and t h e  mag- 
netic field integral equation (MFIE) as follows [TI. 

Go=exp (-ko r ) / r  

with the wave number ko g 
k o = j w  

ven as 

and IE., Me are the electromagnetic fields given as 

IHe=c(VC-jo 1 E o i n G o + d e x V G o + -  1 p.VGol d V  ( 1 6 )  
PO 

which are produced by the electromagnetic sources such 
a s  n e ,  i . .  p e  and p , ,  in a volume V. 

Taking the outer and inner surfaces Si. S o  which 
enclose the medium as shown in Fig.1, deriving the 
fields at the observation point P, on each surface Si. 
S o  from eq. (5), (6). (12) and (13). and letting the 
fields satisfy the boundary conditions o f  the surfaces 
which are given as 

where S is t h e  surface of the medium, the subscript 
S denotes the value of the surface, m i  is the unit 
normal from the inside to the outside of the surface. 

E ’ is the complex permittivity given a s  
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w e  get boundary integral equations for solving E i s ,  

E,,, M i .  and H o s .  

Fig.1 The formulation of E, and HS 

( 2 1 )  

where the subscript p denotes the observation point. 
Each electromagnetic field o n  the surface E o ¶ ,  Hos .  

E i , ,  H i ,  contains three components. Consequently, 12 
surface integral equations can b e  derived from eq.(19) 
-eq. ( 2 2 )  which contain 12 unknowns. By solving these 
equations. the surface electromagnetic fields can be 
determined. 

F O R M U L A T I O N  
O F  E D D Y  C U R R E N T S  

The boundary integral equations eq.(19)-(22) can be 
used for general pnrposes. However, these are s o  
inefficient for eddy current analyses that new bound- 
ary integral equations are derived f r o m  them. 

SI v z = o  - - 

F 

A s  the wave 
number whose 
the surface i 
deduced a s  fo 

m i  

g.2 The surface integration 

number ki of the metal is the comp 
ea1 part is negative and very larg 
tegrations in eq.(19) and ( 2 0 )  are 
lows. 

ex 

Setting PD2on S2 of a metal plate a s  shown in Fig.2, 
w e  get each integratibn with respect to SI as 

where the subscripts 1 and 2 denote the values o f  the 
surfaces Si and S p ,  respectively. The surface integra- 
tions with respect to Se are given by setting t=O in 
these equations. Wheh t h e  observation ooint is o n  S I ,  
the surface integrations can be acconpliShed 
same way. 

BY selecting P, o n  SI and taking account of 
equations eq.(23)-(28) and the boundary condi 
eq.(17) and ( 1 8 ) ,  the tangential components o 
and ( 2 0 )  are redtced a s  

n the 

these 
ions 
eu. (19) 

where J. and K. are the surface electric and magnetic 
currents defined a s  

and equations in the case of selecting P, on S2 are 
given by replacing the subscript 1 with 2 and 2 with 1 
in eq.  ( 2 9 )  hnd (30). 
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netic currents are obtained as 

+exp(ki t)rexp(-ki t)J52) (35) 

ki exp(ki t)+exp(-ki t) 02xKs2 = - (  1.2 
U exp(ki t)-exp(-ki t) 

2 
+exp(ki t)-exp(-ki t) 

S a l )  (36) 

where the subscript p has been dropped because these 
relations a r e  valid at any point o n  the surface. The 
same relations are also derived from the equations 
(30) and (34). 

T h e  relations between the normal and tangential 
components of the fields can be derived from Maxwell’s 
eauation [ l l .  

where V s  is the surface vector operator defined as 

V,=( a /a X)Y+( a / a  Y)Y ( 3 9 )  

with unit vectors 1 and y parallel t o  the x and Y axes 
of the local Cartesian coordinates set o n  the surface. 
T h e  operator works just like V. 

In most eddy current problems, t h e  fields along the 
surface change s o  gradually that the equations (35)- 
( 3 8 )  reduce the 12 unknowns in eq. ( 1 9 ) - ( 2 2 )  t O  4 
unknowns which can be obtained by solving the equa- 
tions derived from eq.(21) and ( 2 2 )  by substituting 
eq. (35)-(38) into eq. (21) and ( 2 2 ) .  Provided the metal 
plate is sufficiently thin, a surface integration with 
respect to a n  area around a position facing P p  can be 
given by replacing ki with ko in eq.(23)-(28), and the 
surface integration with respect to the surfaces 
except this area can be accomplished by approximating 
t h e  thickness of the plate as z e r o  while keeping kit 
constant. Thus, w e  have 

where p .  is the relative permeability, and 

exp(ki t/2)-exp(-ki t/Z) (44) 
exp(k; t/Z)+exp(-ki t/2) c =  

By these equations, t h e  eddy currents in microwave 
frequencies can b e  analyzed effectively, but in 10s 
frequencies, both the denominator o c O  and numerator 
V s * J a  of the fifth term in eq.(40) are almost zero. 
Consequently, eq.(PO) is inadequate for eddy current 
analysis in low frequencies. I n  order to iron ont this 
difficulty, w e  take only eq. (41) which gives 3 equa- 
tions, s o  w e  need one more equation, that is 

Though eq.(41) has been derived by approximating 
the thickness of the metal as zero, with a small 
modification. i t  is valid even in the case o f  three 
dimensional shapes. We can regard the three dimension- 
al metal object a s  a box whose thickness is more than 
t h e  skin depth, and setting 

kit m 

Ja  = J b  

in eq. ( 4 1 ) .  w e  can get a n  equation f o r  three dimen- 
sional shapes. 

netic fields drived by substitnting eq(46) 
eq.(35) or ( 3 6 )  is called the impedance boundary 
condition C81. 

T h e  relation between the surface electric and mag- 
into 

E D D Y  C U R R E N T  A N A L Y S I  S 

formulation, an induction heating problem is analyzed. 
In order to check the adequacy and accuracy of this 

Fig.3 A steel box and a heating coil 

A cubic box is surrounded by a heating coil a s  shown 
in Fig.3. T h e  box is made o f  a 0.32 m m  thick steel 



4 6 1  
p l a t e  w h o s e  e l e c t r o m a g n e t i c  c o n s t a n t s  a r e  50,000 S/cm 
f o r  t h e  c o n d u c t i v i t y  a n d  2 0 0  f o r  t h e  r e l a t i v e  p e r m e a -  
b i l i t y .  T h e  h e a t i n g  c o i l  c o n s i s t s  o f  1 6  t u r n s  a n d  
c a r r i e s  a s i n u s o i d a l  c u r r e n t  w i t h  25 A a n d  25.6 kHz. 

W e  d i v i d e  a p a r t  o f  t h e  s u r f a c e  o f  t h e  b o x  i n t o  1 0 0  
e l e m e n t s  b y  s t r a i g h t  l i n e s  p a r a l l e l  t o  t h e  X, Y a n d  Z 
a x e s  a s  s h o w n  i n  Fig.3. i n t r o d u c e  t h e  l u m p e d  c i r c u l a t -  
i n g  c u r r e n t  a l o n g  t h e  p e r i p h e r y  o f  e a c h  e l e m e n t  in 
o r d e r  t o  e n s u r e  z e r o  d i v e r g e n c e  o f  t h e  s u r f a c e  c u r r e n t  
1% C91 .  a n d  d e t e r m i n e  Ja a n d  Jb by s o l v i n g  eq. (41). 

T a b l e  1 P o w e r  d e n s i t y  d i s t r i b u t i o n  P W/cm2 
- 

x 

.I 

P o s i t i o n  (Y 

0. 011 I 1 

I i r ec t i on) 

0. 21 0. 1 4  + 
I + 

1 

T h e  p o w e r  d e n s i t i e s  o f  t h e  e l e m e n t s  c a l c u l a t e d  f r o m  
Ja  a n d  Jb a r e  s h o w n  i n  T a b l e  1. T h e  p o w e r  d e n s i t y  P is 
d e r i v e d  f r o m  t h e  P o y n t i n g  v e c t o r  a s  

si n h  (kr t) - s  in (kr t) 
+ cosh(k,t)+cos(k,t) 

w h e r e  

a n d  * d e n o t e  t h e  v a l u e  o f  t h e  c o m p l e x  c o n j u g a t e .  
k r =  d n  

100 r 
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P o s i t i o n  

Fig.4 T e m p e r a t u r e  r i s e s  o f  t h e  s t e e l  b o x  

F r o m  t h e  p o w e r  d e n s i t i e s ,  t e m p e r a t u r e  r i s e s  o f  t h e  
a r e a s  o f  A a n d  B s h a d o w e d  i n  Fig.3 a r e  c a l c u l a t e d  
a n d  c o m p a r e d  w i t h  e x p e r i m e n t a l  data. T h e  r e s u l t s  a r e  
s h o w n  in fig.4. I n  c a l c u l a t i n g  t h e  t e m p e r a t u r e ,  i t  i s  
a s s u m e d  t h a t  t h e  h e a t i n g  t i m e  is 1 s a n d  t h a t  t h e  
s t e e l  p l a t e  h a s  a s p e c i f i c  h e a t  o f  0.44 J / g *  K a n d  a 
d e n s i t y  o f  7.86 g/cm3. T h e  h e a t i n g  t i m e  is s o  s h o r t  
t h a t  t h e  h e a t  c o n d u c t i v i t y  i s  n o t  c o n s i d e r e d .  

C O N C L U S I O N S  
A n e w  f o r m u l a t i o n  o f  e d d y  c u r r e n t s  is p r e s e n t e d .  
T h e  e l e c t r o m a g n e t i c  f i e l d s  a r e  r e p r e s e n t e d  b y  E F I E  

a n d  MFIE. D e r i v i n g  t h e  e l e c t r o m a g n e t i c  f i e l d s  o n  t h e  
i n n e r  or o n t e r  s u r f a c e  o f  t h e  m e t a l  f r o m  E F I E  a n d  
M F I E ,  a n d  l e t t i n g  t h e  f i e l d s  s a t i s f y  t h e  b o u n d a r y  
c o n d i t i o n s  o n  t h e  s u r f a c e , t h e  e l e c t r o m a g n e t i c  f i e l d s  
o n  t h e  s u r f a c e  o f  t h e  m e t a l  a r e  f o r m u l a t e d  by b o u n d a r y  
i n t e g r a l  e q u a t i o n s .  

T h e  r e l a t i o n  b e t w e e n  t h e  t a n g e n t i a l  c o m p o n e n t s  o f  
t h e  e l e c t r i c  a n d  m a g n e t i c  f i e l d s  o n  t h e  s u r f a c e  is 
d e r i v e d  a n a l y t i c a l l y  f r o m  t h e  b o u n d a r y  i n t e g r a l  e q u a -  
t o n s  b y  a s s u m i n g  a n  a r e a  o f  t h e  s u r f a c e  w h e r e  t h e  
t a n g e n t i a l  c o m p o n e n t s  o f  t h e  e l e c t r o m a g n e t i c  f i e l d s  
a r e  r e g a r d e d  a s  c o n s t a n t  is m u c h  l a r g e r  t h a n  t h e  
s k i n  depth. T h e  r e l a t i o n  b e t w e e n  t h e  n o r m a l  a n d  
t a n g e n t i a l  c o m p o n e n t s  o f  t h e  e l e c t r o m a g n e t i c  f i e l d s  
o n  t h e  s u r f a c e  is d e r i v e d  f r o m  M a x w e l l ' s  e q u a t i o n .  
W i t h  t h e  h e l p  o f  t h e s e  t w o  r e l a t i o n s ,  t h e  e d d y  c u r -  
r e n t s  a r e  f i n a l l y  f o r m u l a t e d  b y  o n e  b o u n d a r y  i n t e g r a l  
e q u a t i o n  o n  c o n d i t i o n  t h a t  V.*J. = 0. T h i s  m e t h o d  i s  
v a l i d  at a n y  f r e q e n c y  w h i c h  j u s t i f i e s  t h e  a b o v e  
a s s u m p t  ion. 

I n  o r d e r  t o  e x a m i n e  t h e  a d e q u a c y  a n d  a c c u r a c y  o f  
t h i s  m e t h o d ,  c a l c u l a t e d  v a l u e s  o f  t e m p e r a t u r e  r i s e s  
a r e  c o m p a r e d  w i t h  m e a s u r e d  values. B o t h  s h o w  r e a s o n -  
a b l y  g o o d  a g r e e m e n t .  
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