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THE SOLUTION OF 7-D14ENSIONAT, I N D U C T I O N  HRATING PROBLEMS 
IlSTNG AN INTEGRAJ, FQITATION MR'PHOD 

W.  R .  Hodgkins and J. F. Waddineton 

Abstract  - The honndarv  integral   eauat ion method is  
a a a l i e d  t o  t h e   s o l u t i o n   o f   t h e   i n d ~ ~ c t i o n   h e a t i n g  of 
three  dimensional   objects .  Two methods are explored. 
The f i r s t  uses a d i r ec t   so l l i t i on  of t h e   e l e c t r i c   f i e l d  
i n t e g r a l   e q u a t i o n  and the  second  uses a combination  of 
t h e   e l e c t r i c  and magnetic  eauations and r ea re sen t s   t he  
t a n g e n t i a l  components of the   sur face   e lec t romaenet ic  
f i e l d   h v   t h r e e   s c a l a r   s n r f a c e   o o t e n t i a l s .  Roth f i e l d s  
and o o t e n t i a l s  are given a f i n i t e  element 
r en resen ta t ion .   Resu l t s   fo r  some simale  cases a r e  
considered. 

INTRODUCTION 

The aim  of t h i s  work i s  to   a rov ide  a t o o l  t o  
assist in   the   des ign  o f  induct ion  heat ing  devices   both 
fo r   me ta l   me l t ing  and b i l le t   rehea t ing .   Programs 
a l r e a d v   e x i s t  [ I  ,2] and a r e  used ex tens ive lv   i n  cases 
where  the  aroblems mav be t r e a t e d  as two dimensional 
but  manv i n s t a n c e s   a r i s e  where i t  is d e s i r a b l e  t o  he 
able t o  ana lvse   the   fu l l   th ree   d imens iona l  geometnr. 
For  examale,  considerable work has been c a r r i e d   o u t   a t  
R.C.R.C. on des igning   h ighlv   e f f ic ien t   induct ion  
h e a t e r s   f o r   b i l l e t s  of various  geometries  with  the aim 
of  minimising  energv  usage  whilst  nroducing a h ighlv  
control led  heat   t reatment:   the   channel   furnace.  where 
the  molten  metal is  induct ive ly   hea ted   in  a loop, 
resembling a handle on a cup o r  i n v e r t e d   s n i t c a s e ,  is R 

case where i t  is a lmost  imnossihle t o  make semi-ble two 
dimensional  aaaroximations. 

An e a r l i e r   s t u d v  [7] surveyed a numher o f   aos s ih l e  
methods fo r   so lv ing   t hese  orohlems. Amongst those 
cons idered   were   f in i te   d i f fe rence  and f i n i t e  element 
methods us ing   va r ious   fo rmula t ions   fo r   ao t en t i a l   o r  
f i e ld   va r i ab le s ,   i n t eg ra l   equn t ion   t echn iones ,  and 
hvhrid  methods  using an in t eg ra l   equn t ion   fo r  the  f a r  
f i e l d  and a a a r t i a l   d i f f e r e n t i a l   e n n a t i o n   f o r   t h e  nea.r 
f i e l d .  It conclllded t h a t  f o r   t r e a t i n g  aroblems where 
t h e   e l e c t r o m a m e t i c   a r o a e r t i e s  o f  the   mater ia l   be ing  
h e a t e d   a r e   r e l a t i v e l v   m i f o r m  a vers ion of t h e   i n t e g r a l  
equation method offered  considerahle  aromise.  'Phis 
assumotion is  g e n e r a 1 . l ~  7raI.id when molten  metal i s  
being  heated,  bn t  is  n o t  normal lv   t rue ,   for  examule, 
when magnet ic   mater ia ls  are being  heated  through  the 
Curie  point.   For  regions of  uniform  material   the  three 
dimensional  integral   equation mav he  reformulated t o  
g ive  an in tegra l   equa t ion   over   the   sur face  o f  t h e  body, 
thus  effect ively  reducing  the  orohlem t o  two 
dimensions. 

GOVERNING EQUATIONS 

The basic   equat ions  for   the  boundary  integral  
equation method  were derived hv S t r a t t o n  and Chi1 [4] 
and have been examined in   cons iderable  d e t a i l  hv  M(;ller 
[ 5 ] .  T o r  typ ica l   induct ion   hea t ina  nroblems a t  l o w  o r  
medium frequency  the  eauat ions  are   s l ight l -v   s imnlif ied 
bv  making the   usnnl   assmat ion   tha t   the   d i sa lacement  
c u r r e n t s  mav he  neglected  in  cornoarison  with  the 
condnct ion  currents  and ignoring t h e  t r a n s i e n t  
comaonents  of  the  fields.  Maxwell 's  eauations  then 
have  the  s imnlif ied form: 

D*H = J'Jp = UE+LV 0,s = -iwilE (1 ) 

The an thors  are with  the  Electr ic i tv   Connci l   Research 
Centre.  Capenhnrst,  Chester,  England, CHI fiES. 

where the  magnetic and e l e c t r i c   f i e l d s   h a v e   t h e  form 
- Hexa( iwt)  and Rexn( iw t )   r e saec t ive lv ,  and where  sonrce 
c u r r e n t s  Jo on17 exis t   in   the  non-conduct ing  reaions 
where d =O. 

Consider now a homo/teneous conducting  region V 
hollnded hv  the  c losed  surface S with  outward normal 2. 
The usnal. i n t e g r n l   e a r ~ a t i o n s   f o r   t h e   f i e l d s   w i t h i n  V 
a r e :  

where: 

Here the a s s e r t i o n   t h a t  2.5 i s  zero   a t   the   sur face   has  
been  nsed t o  delete the  corresaonding term from t h e  
usual  form o f  t he   i n t eg ra l   eaua t ion .  lgote tha t   t he  
eonat ions   for  E and X a r e  not indeoendent  since  each is 
the   cu r l   o f   t he   o the r .  The corresaonding  eonations f o r  
the   ex te rna l   reg ion   wi th   zero   condnct iv i ty ,  
aermeahi l i tv  p and sol t rce   currents  are: 

where 2 is now t h e   i n t e r n a l  normal t o  the   ex te rna l  
region,  IJ, =I /lL-r'i and t h e  sonrcp   f ie lds  5. and a r e  
e iven hv: 

- 

The ahove   eqna t ions   fo r   t he   f i e lds   i n   t he   i n t e rna l  and 
ex te rna l   r eg ions  mav be used t o  g i v e   t h e   f i e l d s  a t  t h e  
sur face  S i f   t h e   f a c t o r  4% is  realaced hv t h e   f a c t o r  
in (2) ,(3), (5) and ( f i ) ,  and the  Cauchv a r i n c i n a l  value 
o f  the i n t e g r a l  is  used f o r   t h e  terms (Q(r)),,OU and 
(Q(:)),,DU. In the   der ivat ion  of   these  eql la t ions i t  
is  genera l lv  assumed tha t   t he   su r f ace  S i s  smooth and 
tha t   t he   t angen t i a l  comaonents of the   e lec t romagnet ic  
f i e l d  are cont imlous   wi th   cont inuous   f i r s t   der iva t ives .  

Since  the normal.  component of  magnetic f i e l d ,  3.2. 
mav be  exaressed  in terms of the   su r f ace   de r iva t ives  of 
0 i t  i.s a o s s i b l e  t o  rise one or a combination of the 
ex terna l   equa t ions ,  (5) and (61, i n  conjunct ion  with 
one or a combination  of  the  internal  eqnations,  ( 2 )  and 
(3), t o   de t e rmine   t he   t angen t i a l   f i e lds  at the   snr fnce  
and hence  the  f ields  evervwhere.   Varions  comhinations 
of  the  eonations  have heen sugaested  hv  Poggio and 
Miller [fi] and consi.derahle  exnerience  has  heen  gained 
o f  t h e  value of d i f f e r e n t   f o r m u l a t i o n s  as a a a l i e d   t o  
t he   r e l a t ed  orohlem  of  antennae  design [TI. Tn the  
vresent  work two formulations  have been used. The 
f i r s t  i s  t o  work s o l e l v  with the  e1ectrj .c  f ield 
eana t ions ,  (3) and ( 6 ) .  This  hns  the  advantage  that  no 
normal  comaonents o f  t he  f i e l d s  now aoaear i n  the 
equat ions and  hence  the use of   der iva t ives   o f   the  
t a n g e n t i a l   f i e l d s  is  nvoided. The second  anaroach is 
t o  use  the form nroaosed  hv  Mkler [ 5 ] .  This is  an 
aanroniate  combination  of the internal. and ex terna l  
eonat ions   for  which Miller has  demonstrated  miaueness 
and convergence. In t h e   a a r t i c u l a r   c a s e   o f  low 
frequency  current and a non-conducting  external  region 
these  hecome the   eana t ion  f o r  t h e   i n t e r n a l   e l e c t r i c  
fie1.d and the sum of the  magnetic  f ield  eqrlations 
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e v a l l ~ a t e d  round  an  orthogonal  contour i t  g ives   the  
t o t a l   e x t e r n a l   c u r r e n t   t h r e a d i n g   t h e   t o r u s .  

weighted  bv  the  permeabili tv  of  each  region.  i .e.  

NUMERICAL METHOD 

The f i n i t e  element method was c h o s e n   t o   d i s c r e t i s e  
the   in tegra l   equa t ions .   This   in   p r inc ip le   a l lows  a 
choice  in   the  level   of   auproximation and i n  element 
s h a m .  The uresent  work was l imi ted  t o  ulane 
t r iangular   e lements  and  uniform  fields  in  each  element.  
S ince   t he   i n t eg ra l   equa t ions   g ive   va lues   a t  a uoin t  
whereas   the   f ie lds   a re   va l id   over  an  element, a f u r t h e r  
i n t e g r a l  was carried  out  over  each  element  to  give  the 
aparooiate   average.   This  a l s o  had the   va lue   t ha t  i t  
reduced   the   weight   o f   the   va lue   o f   the   in tegra l   a t  
nodes and sharp  edges  where  the  value of the  
aaproxilnations mav be  indeterminate  or  changing 
rap id ly .  

For  t h e  method based on t h e   e l e c t r i c   f i e l d s   t h e  
s e t  of l i nea r   equa t ions  is t h e n   s e t  UD d i r e c t l v  from 
t h e  two equations: 

which  urovides two independent  equations  for  the 
tangent ia l .  comuonent o f   e l e c t r i c   f i e l d   f o r   e a c h  
t r i a n g l e  j of   a r ean . j .  The unknown t a n g e n t i a l   e l e c t r i c  
and magnet ic   f ie lds   a re   then   de te rmined  by a d i r e c t  
so lu t ion   o f   t he   s e t   o f   l i nea r   equa t ions .  

For t h e  method based on Mhller ' s   equat ions some 
fur ther   ref inements   were  introduced.   Firs t   in   order   to  
avoid   reoresent inn   sur face   vec tors   d i rec t lv ,   the  
t a n g e n t i a l   e l e c t r i c  and  magnetic  f ields a t  the   su r f ace  
a r e   r e a r e s e n t e d   a s   d e r i v a t i v e s  of  s u r f a c e   s c n l a r  
a o t e n t i a l s  [8]. This  has  the  advantage  of  providing a 
much s impler   sca la r   representa t ion .   Also ,   s ince   in   the  
a re sen t   ca se   t he   ex te r io r   r eg ion  is non-conducting,  the 
magne t i c   f i e ld   a t   t he   su r f ace   r equ i r e s  only one 
p o t e n t i a l .  Thus the   exures s ions   fo r   t he   t anaen t i a l  
s u r f a c e   f i e l d s   a r e :  

where Ta is  the  surface  vector   oDerator   def ining  the 
surPace  gradient  [5,7] and is  a l s o  used t o  operate  on a 
vec to r   t o  form the  surface  divergence.  ie. 

On a. simulv  connected  closed  surface  where a f i e l d  is 
defined bv a u a i r  o f  u o t e n t i a l s ,   t h e   a o t e n t i a l s  are 
continuous and unique  to   within a constant  term. For 
multiolv  connected  surfaces it is necessarv t o  
i n t roduce   aaa rou ia t e   cyc l i c   uo ten t i a l s .  Thus f o r  R 

doublv  connected  region,  such  as a t o r u s ,   b o t h 3  and 9 
mav be regarded   as   cyc l ic   ao ten t ia l s   wi th  a s i n g l e  
uer iod,  o r  a l t e r n a t i v e l v   t h e  same v e c t o r   f i e l d  mav be 
derived  bv  making e i t h e r 3  o r  3 doublv  ueriodic.   This 
is esuecial ly   convenient   for   expressing  the  magnet ic  
f i e l d ,  as the   second  potent ia l   has   a l readv  been 
dispensed  with. The two a e r i o d i c i t v   c o n d i t i o n s  imposed 
on $ a re   de f ined  by: 

IfEd. = J--.l$ (1 7) 

When th i s   cond i t ion  is evaluated  for  anv sur face  
contour   enclosing  the  toroidal   conductor  i t  g ives   the  
c i r cu la t ing   cu r ren t   i n   t he   conduc to r ,  and when it is 

In   o rde r   t o   comale t e   t he   subs t i t u t ion   o f   t he  
a o t e n t i a l s  f o r  t h e   f i e l d s   i n  (8) i t  is necessa ry   t o  
exuress  the  normal component of  magnet ic   f ie ld   in   t e rms  
of   the  potent ia ls .   This   can be evaluated as: 

Rather   than   aap lv ing   the   resu l tan t   in tegra l  
e a u a t i o n s   d i r e c t l v   t o   e v a l u a t e   t h e   f i e l d  a t  i s o l a t e d  
poin ts  on t h e   s u r f a c e ,  i t  is moPe an-oroaiate   to   obtain 
s u i t a b l e   a v e r a g e s   f o r   s a t i s f v i n g   t h e   e q u a t i o n s  
anoroximatelv  over  the  whole  surface.   In  keepinn  with 
the   f i n i t e   e l emen t  method the   equa t ions   a r e   i n t ea ra t ed  
a second  time a f t e r   m u l t i a l v i n a  bv two a r b i t r a r y  
s u r f a c e   s c a l a r   p o t e n t i a l   f u n c t i o n n ,  V,O< and z&p. The 
func t ions  mav then  be  subject t o  sma l l   va r i a t ions  
fol lowing  the  Galsrkin  nrocedure and a set o f   l i n e a r  
equat ions  obtained.  Assurnina a smooth sur face  and 
aaurooiate   degrees  of cont inui ty   o f   the   var ious  
func t ions   the   resu l tan t   equa t ions   a re :  

where the   ex te rna l  naul.ied  magnetic  Dotential. $e ,  is  
given  for   c losed loous of source   cur ren t  bv: 

where n i s  the  sol id   angle   subtended bv the   cu r ren t  
loou a t   t h e   u o i n t  2'.  

The equations  develoued so  f a r  have assumed  a 
smooth sur face  and the   auuroa ia te   degree   o f   cont inui tv  
o f   t he   f i e lds .  However, un less  an undulv  f ine mesh is 
t o  be used and ronnded corners  introduced i t  is 
imaor tan t   tha t   the  method is  v a l i d  when the  geometrv 
inc ludes   sharp   edges .   S innnlar i t ies   o f   the   in tegrand  
a r i s e   a t   s h a r p   e d g e s  and corners   bu t   for tuna te lv  as is 
tvDica1 o f  f i n i t e  element  energv  methods it  is onlv 
necessarv  to  determine  whether  there is  a f i n i t e  
cont r ibu t ion  t o  t he   doub le   i n t eg ra l s   i n   t hese  
circumstances. An examination  of  the terms shows t h a t  
the  onlv term making s m h  a cont r ibu t ion  is  t h e   f i n a l  
term of (15) involving  the  second  der ivat ives  of s c a l a r  
u o t e n t i a l .   S t r a t t o n  [ 4 ]  int roduces.  a l i n e   d i s t r i b u t i o n  
of  charge  densitv at  edges  to  accomodate  this  effect .  
The o ther   t e rms   involve   the   va lue   o f   the   f ie lds  and 
will onlv  cause  problems i T  t h e   a c t u a l   f i e l d  becomes 
l a r g e  enough f o r   t h e r e   t o  be a con t r ibu t ion   t o   t he  
ahvs i ca l   f i e ] -d ,   i n  which case a f i n e  mesh w i l l  be 
requi red   to   ob ta in  a usefu l   average   va lue   o f   the   f ie ld  
in   this   neighbourhood.  The term  involving  the  second 
de r iva t ive   o f   ao t en t i a l  mav be r ead i ly   eva lua ted   a t  an 
edge,  since : 

where i s  t h e   e x t e r n a l  normal in   t he   u l ane   o f   each  
neighbourine  t r iangle   to   the  edge 1. The last term i n  
(15)  mav thns   be   r ead i lv   r ewr i t t en   t o   i nc lude   t he  
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cont r ibu t ion  from  the  edges. I n  the   saec ia l   case   under  
cons idera t ion  when t h e   a o t e n t i a l s  and t h e   t r i a l  
func t ions  are l i n e a r   o o t e n t i a l s ,   t h e  second d e r i v a t i v e s  
over  the  elements are z e r o  and the   on lv   cont r ihu t ion  
from t h i s  term is the  donhle   integral   over   the edges 
which is: 

~ ~ ~ ~ ~ ( 8 ' 6 g J ? b ! ( ~ ~ ~ ~ ) ( ! ~ - I / O ) / w l d l . d 1 ~  ( 2 0 )  

NUMRRICAI, IMPT,~MRNTA'~ iON 

One d i f f i cu l tv   i n   t he   imn lemen ta t ion   o f   t he  
i n t e g r a l  method i s  tha t   i n   r eg ions  where  the  fiel-ds mav 
be f a i r l v  uni.fom and hence  the 11se of a coarse  mesh 
would seeminglv  he  adequate  the  integrands  contain 
func t ions  which varv as t h e   s k i n  death and hence mav 
requi re  a f ine   s ca l e   fo r   accu ra t e   i n t eg ra t ion .  Where 
t h e  t e rms   i n   t he   i n t eg rand   g ive   r i s e   t o   ana lv t i c  
exaress ions  which mav be readi lv   evahia ted   th i s   canses  
no nrohlem,  hut i n   g e n e r a l   t h i s  is  n o t  the  case and 
care  must  be  taken  over  the  numerical   integration, 
e s a e c i a l l v  as some of the   in tegrands  are s i n g u l a r  a t  
a o i n t s  on  t h e  edges of ne ighhour ing   t r iangles .  To 
provide  suff ic ient   accuracv a techniaue was therefore  
devised  which  divides   t r iangular   e lements   into a 
r egu la r   aa t t e rn   o f   sub - t r i ang le s  which are   nlhced  into 
two c l a s s e s   o f   s i m i l a r   t r i a n g l e s  denending uaon t h e i r  
o r i e n t a t i o n .  Numerical i n t e g r a t i o n s  are then  aerformed 
wi th   r ewc t   t o   t he   cen t ro ids  of  each set  o f  s i m i l a r  
t r i a n g l e s   s e a e r a t e l v  and a l inear   combinat ion of t h e  
two es t imates  is formed to   e l imj-nate   f i rs t :   order  
ev ro r s .  This  technique was imnlemented i n   t h e  ne thod  
hasad on t h e   e l e c t r i c   f i e l d   e q u a t i o n s  so  as t o  give 
i n t e g r a t i o n s  t o  d i f f e ren t   accn rac i e s  as required.  

For  the method based on #filler's eauat ions  the 
i n t e g r a t i o n s  were onlv based on the 7 m i n t  Gauss 
formula fo r   each   t r i ang le  and the 2 noint  Gallss formula 
f o r  t h e   l i n e   i n t e g r a l s .  

The c o e f f i c i e n t s  form the elements o f  a 
non-svmmetric  comalex  matrix. T o r  a single   conduct ing 
reg ion   the   mat r ix  is e s s m t i a l l v   n o n - s a a r s e   h n t  f o r  a 
region much la rger   than   the   sk in   dea th  manv of the  
elements are small. The aoss ih i l i t v   o f   r educ ing  the 
amount of comautation i n  solvinc?.  the  matrix  hv  taking 
advantage   o f   the   s tn lc ture   o f   the   mat r ix  has been 
discllssed  urerrioaslv [7]. For Yne sma l l   t e s t   ca ses  
used  here t o  evaluate t h e  method o d i r e c t  method of 
soliltion  has  been  emaloved. However. some t e s t s  rming 
the  Mgller method were so lved  hv   i t e ro t ion  as a n i t e  
raaid  convergence wou1.d he  exaected on nhvsical. Fcrounris 
for   aroblems  of   interest  on induct ion   hea te rs .  

QRSUT,TS 

The aim was t o  choose some simale t e s t   c a s e s  where 
as f a r  as  ooss ih l e   t he   so lu t ion  is known and  then 
examine the   numer ica l   res~i l t s   to   es tah lTsh  which 
f a c t o r s   a r e  o f  most imaortance in determining  accnrncv 
and m e e d  o f  so lu t ion .   UnPor t~~na te lv  i t  is not  easv t o  
f ind  genliine  three  dimensional  test  cases which  can  he 
r e a d i l v  modelled  hv t h e  a lano t r iangnlar   e lements  
incoraora ted   in   the   n resent  orogram and f o r  which a 
comalete   solnt ion is known. Two test cases  were 
therefore  considered. 

m e  f i r s t  is  a circnl .ar   cvl inder   with a r a t i o  of 
3-ength to   rad ius  o f  th ree  where the   conduct iv i tv  was 
chosen t o  give a skin  death of e i t h e r  one o r  t'nree 
radii.. ' An annroximate  so1.11tion  to this D m h 1 + m  was 
calc117.ated  using a f i n i t e  element  arogram t ak ing  
advantage  of  axial  svmmetrv f o r  an aanlied mifo rm 
maanet ic   f ie ld .  

A number of  arohlems hecame annarent from a 
cornoarison of  t h e   r e s u l t s .  T i r s t  t h e   f i n i t e  element 

method i t s e l f  gave  resul.ts which var ied hrr a small 
amount deoendina  not  onlv on the   f ineness  of the  mesh 
but more a a r t i c u l a r l v  m o o  the   a lac ina  o f  the  assmed 
f i n i t e   e x t e r n a l  houndnrv  containing  the  nrohlem.  ?his 
a r i s e s   s ince   t he  honndarv  conditions f o r  t he   i n t eg ra l  
equation method are i m o s e d  i.n R d i f f e r e n t  form  than i n  
t h e  f i n t t e  element o* difference  methods. Whilst t h i s  
difyerence  woll~d n o t  he   ve rv   s ign i f i can t   fo r  
c a l c n l a t i n g  nower i n  induct ion   hea te rs  where the 
designer  i s  l a r a e l v  on1.v i n t e r e s t e d   i n  an o v e r a l l  
R C C I I ~ ~ C V  of a f e w  neraont ,  i t  d o e s  mean t h a t   t h e  
e s t ima tes   o f   t he   f i e lds .  esoecinllv the  m a m e t i c   f i e l d ,  
can varv hv a. few oercent   in   both  nhase and magnitude. 
T h i s  makes e v a l m t i o n  of t h e   r e s n l t s   f o r   t h e   i n t e g r a l  
eonat ion methods d i f f i c n l t .  

A second  arohlem is  t h a t   t h e  curved  surface  of  the 
c v l i n d e r  i s  maPoximated  b v   s t r a i g h t  sides and the 
r e s u l t s   f o r   t h e  cnrved  cvlinder w i l l  n e c e s s a r i l y   d i f f e r  
f rom  the  correct .  h u t  unknowl, sol11tion of t h e   s t r a i g h t  
s ided   anoroxha t ion  unless a verv   l a rge  number o f  s i d e s  
is  used .  T t  is  thus no t  easv t o  s e a a r a t e   e r r o r s  
a r i s i n g  from an inadequate  aeometrical.  aaaroximation 
from those which s r i s e  from a o o r  acc11racv in t h e  
integral   eqnation  anproximation. 

The reatll.ts show t ha t   fo r   t he   ca se  of the low 
c o n d u c t i v i t v   c v l i n d e r   t h e   e l e c t r i c   f i e l d  is f a i r l v   w e l l  
determined  in a l l  the  aanroximations.  This is no t  too  
s n r n r i n i n g  s ince  i t s  major comnonent is d i r e c t l v  
induced  from  the anali.ed magnet ic   f ie ld .  The e l e c t r i c  
f i e l d  method also gives  good values   for   the  magnet ic  
f i e l d   i n   t h e   r e g i o n s  awav from the  e n d s  but; the  m-ogram 
based on the Niil-ler method onlv  gives   the same accuracv 
when the   cv i indr ica l   shane  is well  annroximated.  Since 
onlv a coa r se   i n t eg ra t ion  method is  nsed  i n  t h i s  
imnlementation i t  is n o t  clear  whether  the  lack  of 
acciiracv deoends on the Door i n t e g r a t i o n  o r  the  
nresence o f  t he   sham edges which g i v e   r i s e  i n  t h i s  
method t o   e x n l i c i t  terms. 

AJ.thouglz the   magnet ic   f ie ld   in   the   reg ion  of the 
ends is less wel l   determined  both  in   the  f ini te   e lement  
and in t ea rn l   enna t ion   so lu t ions   t he re  is general  
agreement hetween the  various  anaroaches.   Figure 1 
shows the out  of  nhase  comaonent  of  the  axial  magnetic 
fie1.d. FT , along the  curved  surface f o r  t h e   e l e c t r i c  
f i e l d  method, the  MGller method, the f i n i t e  element 
method and the  asvmatoti-c  solution  determine4 
ana lv t i ca l . 1~   fo r   sma l l   conduc t iv i tv .  
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Fig. 1. H on  curvpd s n r f a c e  o f  cv l inder .  
T,ow conduct ivi tv   case.  
Asvmatotic limit f o r  small cond1lctiTritv. 

- - -  - MLller Method. 
x x x Rl.ectric F i e l d  Metho4. 
n a n F i n i t e  Tlement Method. 



The r e s u l t s  f o r  t h e   e l e c t r i c   f i e l d  method  show an 
o s c i l l a t i o n   i n  magnitude  between  neighbouring  triangles 
l y i n g  between the  same a x i a l   c o o r d i n a t e s  which  reduces 
as t he  mesh is  refined.. I n  c o n t r a s t   t h e  Miiller method 
allows far less freedom t o   t h e   f i e l d s  which are 
constrained hv t h e   p o t e n t i a l s  and t h e r e  appears t o  be a 
tendency t o   o v e r  smooth t h e   f i e l d s .  

The r e s u l t s  f o r  the   cy l inder  with the   h igher  
conduct iv i tv  show similar features .   Table  1 l ists the  
va lues  on the   curved   sur face  a t  t h e   c e n t r e  and end 
planes of the c i rcumferent ia l  component o f   e l e c t r i c  
f i e l d  and. t h e  axial comnonent of   magnet ic   f ie ld .  

Table 1 
Fie1.d~ on curved  surface of h igh   conduct iv i ty   cy l inder .  

(mV/m) H, ( A h )  
Centre  plane 

E l e c t r i c   F i e l d  Method -2.269-i7.125 1066+i28.5 
Mzller Method -2.142-i7.313 1069+i47.3 
F i n i t e  Element Method -2.135-i3.076 1022+i27.9 
I n f i n i t e   C y l i n d e r  -2.132-i2.955 1000 

E l e c t r i c   F i e l d  Method -1.896-i4.274 1167+i85.0 
M h l e r  Method -1.729-i3.871 1047+i86.6 
Finite  Element Nethod -1.679-i4.304 1054+i97.4 

End plane 

The second test  case was a Faraday RinR i n   t h e  
form o f  a square   sec t ion  toms o f  dimensions 
O.0irn x 0.0im and i n n e r  radj.ns 0.01m with a high 
condnct iv i ty ,  10a/ohm.m., energised  bv G o r  12 windings 
t o  D r o v i d e  a t o t a l  magnetomotive  force of 10A.  This  
nroblem was chosen  because  the  surface  magnet ic   f ie ld  
depends only on the  applied  magnetomotive  force and is 
unchanged  bv  the  eddv  currents   in   the ring. This   g ives  
an  exact  check on the  swrface  magnet ic   f ie lds   obtained 
from t he   so lu t ion  of the   in tegra l   ea .ua t ions .   This  
nroDertp a l s o  w a n s   t h a t   t h e   t o r u s  i s  a true  boundary 
valne  aroblem  and  re l iable   resul ts   could be expected 
from t h e   f i n i t e   e l e m e n t  method used to   genera te   the  
s u r f n c e   e l e c t r i c   f i e l d s  .for  commrison  with  the 
i n t e g r a l   e q u a t i o n   s o l u t i o n .  

For t h i s  aroblem on ly  t h e   i n t e g r a l  method using 
t h e   e l e c t r i c   f i e l d   e q u a t i o n s  was t? ied  a t  two d i f f e r e n t  
levels  of  geometrical   approximation. The f i r s t  used a 
coarse mesh hased on a six s i d e d  aonr-oxi.nation t o   t h e  
torus ,   Fig.2,   whi ls t   the   second used a twelve  sided 
f igure ,   P ig .? ,   to   p rovide  a much f i n e r  mesh. 

Fig 2. V i e w  of 6 s ided  torus .  

Advantage was taken  of  symmetrv to   reduce   the  s o l u t i o n  
time. The coarse mesh was so lved   for  5 t r i a n g l e s  and 
t h e   f i n e  mesh f o r  20   t r i ang le s .  Thus t h e  major  Dart of 
t h e   s o l u t i o n  time was t aken   by   coef f ic ien t   genera t ion .  
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Fig.  3. View of  elements  of  12  sided  torus.  

Table 2 shows t h e   r e s u l t s  f o r  t h e  t o m s  
c a l c ~ ~ l a t i o n s  a t  p o i n t s  on t h e   s u r f a c e   l a b e l l e d  4,B,C on 
Fit2.2. The tangent ia l   mapnet in   f ie ld ,   which i s  known 
exac t ly ,  and t h e   f i n i t e   d e m e n t   s o l ~ ~ t i o n  f o r  t h e  
t a n g e n t i a l   e l e c t r i c   f i e l d  are shown f o r  comparison. 
Resul t s  are shown f o r  6 and 12  sided  models  of  the 
t o r u s  with  three  methods o f  anply ing   the  same 
magnetomotive  force: a s t ra i r? ;h t   l ine   cur ren t   f lowing  
a long   t he   ax i s  of svmmetrv,  and 6 o r  12  current 
windings  symaetrical.1.v  nlaced  around  the  torus. Again 
r easonab le   r e su l t s   a r e   ob ta ined   i n   t he  r eg ions  away 
from the  edges,   hut large errors are apparent   near   the 
edges which reduce  only  slowly as t'ne mesh is re f ined .  

Fable  2 
F ie lds  on the   sur face   o f   the   to rus .  

?os i t ion :  A R C 
Tangen t i a l   E lec t r i c   F i e ld (  mV/m) 

F -0.025-i0.176 -0.021-iO.13  0.017+i0.106 
R1 -0.057-i0.256 0.004-iO.005  0.015+i0.146 
R2 -0.051-i0.244 0.002-iO.003  0.028+i0.159 
R7 -0.1 -iO.25 -0.007-iO.047 -0.040+i0.033 
R 4  -0.1 -io.:?? -0.04-i0.049  -0.040+i0.037 

Tangent ia l  Mame t i c   F i e l d  (A/m) 
F 1 5q.a 106.1  79.6 
R1 173.i+i10.9 77.8+i16.2 1Oi .9+i8.cj 
R2 1 66.7+ilO. 1 G.7fi2.0 82.7+iiO.i 
R3 i67*7+iI  2.G 79.8+i1.5 76.7+i6.7 
R4 158.2+ii2.7 80.2+i1.4 77.FJ+i6.8 

Kev: F Fini te   e lement   so lu t ion  For  E. 
Rxaotlv known value f o r  Y 

T l e c t r i c   f i e l d   i n t e g r a l   e q u a t i o n   s o l u t i o n  
R 1  6 s ided  model ,  sx ia l .   d r ive   cnr ren t .  
R2 12  si?ed  model,   axial .   drive  cnrrents.  
B3 6 s ided  model ,   dr ive  current  6 windings. 
% 6 s ided model, d r i v e   c u r r e n t  12  windings. 

DISCiJSSION 

In g e n e r a l   t h e   r e s u l t s  o f  t h e  t e s t  casea show t h a t  
when? the   su r f ace  is m o o t 3  and the  r i e l d s  f a i r l v  
nniform  there  is  no g r e a t   d i f f i c 1 i l . t ~   i n   o b t a i n i n g  
accurate   answers   using  the  integral   equat ion  methods.  
However, whereas   in   f in i te   e lement  methods a coarse 
mesh wi th   l i t t l e   computa t ion   can   t hen  be used ,   fo r  
i n t e g r a l  methods t h e   i n t e g r a t i o n  must s t i l l .  h e  c a r r i e d  
o u t ,  a t  l e a s t   i n   t h e   f i r s t   i n t e g r a l ,   t o  a r e l a t i v e l v  
high  degree  of  accuracv which n e c e s s i t a t e s   e i t h e r  a 
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mesh on the sca le   o f   the   sk in   depth  o r  a f i n e  
subd iv i s ion   fo r  t'ne numer ica l   in tegra t ion .  Where t h e r e  
a re   edges  o r  t h e   f i e l d  j.s changing  raaidlv,  and these  
f e a t u r e s   w e n t   t o g e t h e r   i n   t h e   t e s t   c a s e s ,  it is more 
d i f f i c u l t   t o   e s t a b l i s h   a c c u r a t e  answers. The e l e c t r i c  
f i e l d  method, as implemented  here, shows str-ong 
osc i l la t ions   in   the   magnet ic   f ie ld   be tween  ne ighbour ing  
t r i ang le s   even   a f t e r   u s ing   t he   doub le   i n t eg ra l  
technique,   a l though  the  osci l la t ions  reduce  with 
reducit1g xesh s i z e .  The o r i g i n   o f   t h e   o s c i l l a t i o n s  i s  
not   c lear   but   could  possibly  be  reduced  by  imposing 
a d d i t i o n a l   c o n s t r a i n t s  on t h e   f i e l d s  by  using 
p o t e n t i a l s  as  in   the  implementat ion  of   the bhller 
method.  Because the  program  took  advantage  of symmetrv 
i t  was a o s s i b l e   t o   e v a l u a t e   t h e   c o e f f i c i e n t s   t o  R hiEh 
accuracy and also work with a f a i r l y   f i n e  mesh. For 
example t h e   r e s x i t s   f o r  t'ne h igh   conduc t iv i ty   cy l inde r  
were obtained  with  elements  spanning  each of  t h e  12 
s i d e s   o f   t h e   s t r a i g h t   s i d e d   c y l i n d e r ,   w i t h   t h e   l e n g t h  
d i v i d e d   i n t o  13 equa l   s ec t ions  and the   rad ius   d iv ided  
i n t o  7 s e c t i o n s  a t  each end.   This   gives  132 nodes and 
360 t r i a n g l e s .  A much f i n e r  mesh f o r  a problem  not 
e x h i b i t i n g  spninetw could  hardly  be  afforded s o  the  
best approach would appear   to   be   to   rep lace   the  
cons t an t   f i e ld   app rox ima t ion   by   l i nea r   f i e lds  and t o  
introduce  curved  elements  to  supplement  the  alane 
t r i a n g l e s .  

The program f o r  the M b l e r  method did  not   take 
advantage of smmetry. The r e s u l t s   q u o t e d   a r e   f o r  an 
11  s ided   cy l inder   wi th   each  end d iv ided   in to  2 s e c t i o n s  
and the  length d iv ided   i n to  7 sec t ions ,   g iv ing  112 
nodes and 220 t r i a n g l e s .  Here there   appeared  to   he a 
d e f i n i t e   g a i n   i n   a c c u r a c y   a s   t h e  mesh was re f ined ,   bu t  
much more improvement would be  expected bv 
i n c o r p o r a t i n g   a n a d r a t i c   p o t e n t i a l s  and  curved  elements, 
Tnis would r e d u c e   t h e   s i g n i f i c a n c e   o f   t h e   l i n e   i n t e g r a l  
a r i s i n g  from  the  normal   mametic   f ie ld  which with a 
coarse mesh is probably  the  major   factor   leading  to  
r e l a t ive ly   poor   accu racy  at  the  ends  of  the  cvlinder.  
If good v a l u e s   f o r   t h e   a v e r a g e   f i e l d s  i n  each  element 
are a t t a ined   t hen  a f u r t h e r   i n t e g r a l  would g ive   the  
va r i a t ion   o f   t he   f i e lds   ove r   t he   e l emen t s .  T'nis has 
no t   been   ca r r i ed   ou t   fo r   t he   a r e sen t  work. 

In comparison  with i2teeral equation  methods i t  
should be no ted   t ha t   t he   f i n i t e   e l emen t  program f o r   t h e  
cyl indrical   problem used 51 5 nodes  and 1140 elements 
with a l i nea r   va r i a t ion   o f   vec to r   magne t i c   po ten t i a l  
wi th in   each   t r iangular   e lement .  The outer   boundar ies  
were a t  a r a d i a l   d i s t a n c e  of 0.2171 and an a x i a l   d i s t a n c e  
of O.3m. A f i n e r  mesh and more d i s t a n t   b o u n d a r i e s  
would  have  been des i r ab le   bu t  the program was a l r e a d y  
p i ck ing   up   o sc i l l a t ions   i n   de r ived   quan t i t i e s  and it 
was n o t   c l e a r   t h a t  an accura t e   r e su l t   fo r   t he   magne t i c  
f i e ld   nea r   t he  end of t h e   c y l i n d e r  had been  achieved. 

With the   s ize   o f   p roblem s o l v e d  he re   t he   l a rges t  
time was w e d   i n   f o r n i n g   t h e   m a t r i x   c o e f f i c i e n t s .   T h i s  
i n c r e a s e s   i n   a r o p o r t i o n   t o   t h e   s q u a r e   o f   t h e  number. of  
elemeflts,  although f o r  very large problems some of t h e  
c o e f f i c i e n t s  w i l l  be   neg l i a ib l e   l ead ing  t o  some saving 
i n  computation. However the  time f o r  a d i r e c t   s o l u t i o n  
of   the  matr ix   equat ions  increases  i n  p ronor t ion   t o   t he  
cube of t h e  nlxlber  of  nodes  and w i l l  eventna l ly  become 
an  important   factor .   For  a l l  t he  tes t  cases  on t h e  
c y l i n d e r   t h e   M k l e r  method always  eonverged  quicklv 
using a s i m p l e   i t e r a t i v e  method. Typ ica l ly   t he  
potent ia ls   converged  to   within  about  1% i n  12 
i t e r a t i o n s  and t o  about 0.1% i n  20 i y e r a t i o n s .  The 
form of   t he   l i nea r   eqna t ions  f o r  the   mul le r  method is: 

where R is a real snarse   symmetr ic   matr ix ,   s imilar   to  

t h e  two dimensional  Laplace  equation matrix, and the  C 
m a t r i c e s   a r e  comnlex. FOP t h e   i t e r a t i v e  method t h e  
th ree   mat r ix   equat ions   were   f i r s t   mul t i . a l ied   by  R and 
then a J a c o b i   i t e r a t i o n   w i t h o u t   a c c e l e r a t i o n  was 
perrormed. .As t h i s  worked adequately more re f ined  
procedures were not   invest igated  a l though  they  could  be 
advantageous i n   s o l v i n g  much h r g e r  Droblems. 

F o r  ease of  development a l l  the   ca lc r l la t ions  were 
ca r r i ed   ou t  on R Prime 650 computer  which was r e a d i l y  
a v a i l a b l e .  In view OP t h e   r a a i d l v   i n c r e a s i n w   s i z e  of 
t he   ma t r i ces  as a func t ion   of   the  number of unknowns i t  
is unl ikely  that   problems more than 50% l a r g e r   t h a n   t h e  
current  aroblems cou1.d Se convenientlv  solved on t h i s  
machine.  However, more powerful  processors o r  t he  use 
of  special   Array  Processors [7]  should  enable much 
la rger   p roblems  to   he   so lved ,   bu t  t o  what e x t e n t   t h e s e  
w i l l  provide  accurate  answers  remains  to he seen. ?%e 
F l e c t r i c i t v   C o u n c i l  i s  saonsorinc: work on t h e  
measurement  of  the  f'ields and f o r c e s   i n  a model of a 
ca re l e s s   fu rnace  [9] ~ and i t  i s  appa ren t   t ha t  some 
cons iderable   care  must  be taken  both i n   c a l c u l a t i o n  and 
exuerimental  measurement  even i n   t h i s  two d iaens iona l  
c a s e   i f   s a t i s f a c t o r y   r e s u l t s   a r e   t o   b e   o b t a i n e d .  Thus 
t h e r e  may be sow? d i f f i c n l t v   i n   v e r i € y i n g  resdts 
c a l c u l a t e d   f o r  a genuine  three  dimensional ppoblem, 

cowCI,uJsIoNs 

The  work here  mav be regarded as providing a 
l imited  demonstration o f  t he   u se fu lness  of  boundary 
i n t e g r a l  methods in   solving  three  dimensional   eddy 
cu r ren t   p rob lems .   Sa t i s f ac tow  r e su l t s   a r e   ob ta ined  
f o r  smooth surfaces  but  problems stil.3. remain i n  
providing  adequate   representat ion .For surf 'aces  with 
sharp  edges.  It i s  u n l i k e l y  t'nat t h e   s o l u t i o n  w i l l  he 
to   u se  a v e r v   f i n e  mesh but   a l te rne t ive   ro t r tes   o f  
introducing  curved  elements and quadra t i c   po ten t i a l s  
are more promising. For arograns to   solve  problems  of  
p r a c t i c a l   u s e   t o  the e n d n e e r  i t  w i l l  be v e r v  imaortan.t 
t o   t a k e   t h e  maximum advantage of any  symmetry i n  t h e  
aroblem. 

F o r  manv aroblems a l a r g e   p a r t  or  the  work i s  i n  
eva lua t ing   t he   coe f f i c i en t s   i nvo lv ing   su r f ace   i n t eg ra l s  
and it  is  important   that  wavs t o  minimise t h i s   t a s k  are 
developed.  For  large  problems when the   so lu t ion   t ime 
mav become dominant i t  i s  encouraging   tha t   the  metho6 
based on M k l e r ' s  equat ions showed good convergence. 
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