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Abstract. An effective technique to obtain a bound of the global error is presented. Nonlinear
constitutive relationship is treated by the polarization iterative fixed point method (PFPM). Since the
field problem to be solved at each iteration step is linear, by using the Green function method (GFM), an
iterative integral expression of the error is obtained. PFPM being a Picard-Banach fixed point procedure,
the bound for the norm of the difference between computed and exact solutions results as a sum of the
error introduced in the iterative procedure and the error due to the chosen discretization mesh.

1 Introduction

Due to the complexity of the nonlinear electromagnetic field equations, numerical methods are
the only option in the vast majority of problems. Numerical solutions represent, however,
approximations of the exact field. Linear problems, in contrast to nonlinear ones, allow for a
quantitative evaluation of the “distance” between the numerical solution and the exact one, e.g.
static linear fields, where the hypercircle theorem [1], [2] applies.

Two main procedures are actually used for the evaluation of the computing errors. The first one
takes into account discontinuities of the normal or tangential components induced by the numerical
technique. This procedure is used particularly as a criterion for adaptive meshing. The second
procedure is more consistent. It defines certain magnitudes that become zero when the numerical
solution equals the exact one. These magnitudes — positively defined quantities — are called error
estimators in what follows.

For static or stationary linear fields, according to the hypercircle principle, the “distance” is a
suitable defined norm of the difference between the two solutions. For instance, let (B",H") be the
exact solution of the boundary value field problem governed by TIB'=p, & H'=J and B'=uH", and
let (B,H), be a set of independent fields, B#uH, solutions of [IB=p and & H=J. The norm can be
defined as
* _ B+ IUH
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B

- SlB-p], and [B7- BHV <|B-uH], )
where ||X||V is the inner product ||X||5: J'X;XdQ, and v, symmetric and positively defined, is the
reluctivity tensor (inverse of the permeagility tensor). Q is the spatial domain of the field problem.
For nonlinear media a suitable error estimator is [3]:
L(B,H) =W (B)+W " (H) - [BHAQ )
Q
where W(B)and W*( H)are the energy and the co-energy of the magnetic field. A similar error
estimator is based on the constitutive relationship
£:||H—F(B)||ﬂ ©)

Relation (3) defines the error for the linear problem in the hypercircle principle sense.

The bound of the “distance” between numerical and exact solutions for nonlinear field problems,
was reported in [4]. Both polarization iterative fixed point method (PFPM) and finite element
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method (FEM) were employed. In this paper PFPM and Green function method (GFM) are used to
obtain this bound for the nonlinear field problem in unbounded regions.

2 Errors Evaluated by the PFPM Procedure

The stationary magnetic field verifies

OxH=J,0B=0, H=F(B) inQ (4)
In PFPM, the constitutive relationship H = F(B) is replaced by:
B=uH+I (5)
where the non-linearity is hidden in the polarization I [5]:
I=B-uF(B)=G(B) . (6)
The permeability u can be chosen such that the function G defined by (6) is a contraction, i.e.
|G(B")-G(B")]|, <8@[B'-B"|,, forany B',B" (7)

where 8 <1. In the case of an isotropic medium one can choose at any point PQ , ((P) <
2 Umin (P) where:

1 [F(B")-F(B")| 1 _ . |F(B")-F(B")
—= = sup S ——=inf T : (8)
Hmin pB'B" B'-B’| Hmax BB’ |B -B |
Since Upin IS greater then the vacuum permeability 1q, £ in (5) and (6) can be chosen to be g. In
this case 0:1—&,Where UM = sup Umax(P).
Hwm POQ

The PFPM consists in the following iterative procedure:
a) let B(0) pe an arbitrary initial value thus, from (6), 1(0) = G(B(O));
b) at each step n, n = 1, B(™) and H(") are computed from the linear equations
OxHM =3, o™ =0, B(M= (M4 (0-1) 9)
¢) the new polarization 1(") is corrected by (6) i.e. 1(") =G(B(N)).
(B(n))nzl and (H(n))n21 are Picard-Banach sequences converging to the exact nonlinear solution

(B", H"). For simplicity we denote (B(l), H(l)) of the first iteration by (B, H) — the exact linear
solution of (9), and I(O), by I. The deviation of the first value B and the target B is determined by:

B -B sLHm(l) (10)
v 1-6

= ‘ . From the initial value I, determined from B(O), B may be obtained
v vV
through any numerical method, for example Newton-Raphson, combined with FEM or with GFM
for unbounded regions. We need only one step in PFPM procedure (n=1) in order to evaluate the

vV
where HAI (1)

‘I(l)—l

error with formula (10). The numerical solution Bap = Zap(l ) is an approximate value of B, the

exact solution of the linear problem (9). From (6), we have I%) = G(Bap ) and

yl _l@ @, 1 1
HAI( )V _Hl( )1 1) -1 <|e(B)-G(Bqp )‘ 5 -1 SHHB—Bap I -1
1% % 1% % 1%
Equation (10) becomes:
. . 1 M
B -B,,| <[B —BH +B-Bap| <——[B-Bga| +1E) -1 11
ap|| ) H apHV 1-0 ap|*|'ap ) (11)



The error in formula (11) can be expressed as

. 1
B* -B H <1 (e, +e 12
], e o .

where & =HB ~Bap is due to the approximation introduced by the numerical method used for
v

solving the linear field problem and &, = — 1| is due to the nonlinear procedure.

v

3  Determination of the Error Due to GFM Application

The problem of solving the magnetic field having non-zero sources J and p may be easily
replaced by a field problem where the sources are zero. The constitutive relationship must be
adjusted accordingly, while keeping the bounds Lmin, #max- SO, for simplicity we will farther

consider that OB=0 and [0xH =0.
If the polarization | is corrected by the flux density B, then the permeability £ in (5) and (6) can
be chosen to be the vacuum permeability 14 [5]. The linear field problem of each iteration may be

solved by using the Green functions for unbounded regions: G = 1 or G = iInl, in 3-D or 2-
47R 2r R

D problems, respectively. For the numerical solution, the region with nonlinear media Ds is
discretised in n¢ elements and the flux density B is approximated by the average values in each

element «j, i=1,2,..., N¢ . In the 2-D case, we have:

Bap; =Bi = jB d.Q——; JAdl (13)
[
Cvi 0wy
where gj and dwj are the area and respectively the boundary of the element «;j . The polarization
is obtained from (6) and therefore it has also constant values |y in each element ¢ . The

magnetic vector potential A is therefore given by:
Nt

1 1
A=—-—— > Ik In—dlI'k (14)
277k=1 a{{ R
Accordingly, (13) becomes:
Z { { In— (dljary) |k_ia.k|k (15)
O'i k‘lacq 0 o
The error due to the numerical method is:
e =12 a2 ~ ~ 2
2, = 1B B, =Bl ~2(8.B), +[B], (16)

where the inner product and the norm are only computed for the nonlinear region D: Since
<B,§>V: Hé”i and ||B||5:<B,,uH + I>V:<B,H>+<B,I>V:<B,H>+<I§,I>V,equation (16) becomes:

e, =(BH)+(B1-B) =(B.H)-(B,H)=- JvBhds -(B,H) (17)

Zap 0D ¢
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Fig.1. B-H relationship for PM Fig.2. Global relative error

4 Numerical Examples

We consider a rectangular permanent magnet (PM) which has a B-H characteristic
corresponding to the magnetization direction as plotted in Fig.1, with Hrax =16 and Hrin =1.2,

and a transverse relative permeability Hry =1.2. The PM is placed in 2-D unbounded space. The
magnetic field is solved iteratively, using (15) and (6). The PM region is discretised in polygonal

elements and so the tensors ajk of equation (15) may be analyticaly calculated. The boundary
integral needed in equation (17) is numericaly computed, using the scalar and vector potentials:

- JvBmAS = JvdA=0-2 3 (V(Par ) +V(RON AR ) - AP ) (18)
oD ¢ oD ¢ k

where the points Py belong to the boundary Dy , vector potential A is analytically computed by
equation (14) and scalar potential is also analytically computed with:

ng
1 1
V==->%1 In=ndrI 19
anz_: | ~ndly (19)
=1 aak
The corresponding global error in (12), normalised with respect to the remanent flux density,
versus the number of nodes of the discretization mesh, is plotted in Fig.2.

5 Conclusions

A method for calculating a bound of the error of the numerical solution with respect to the exact
solution, for nonlinear magnetic field problems, is presented. The non-linearity is treated by PFPM.
In the cases of unbounded domains, GFM may be employed for solving the linear field problem of
each iteration. The norm of the error due to GFM depends by the domain discretization, but it may
be accurately computed (17), while the global error has a bound which depends strongly by the
contraction factor (12) that may be in the proximity of the unit for strong nonlinear media. By
applying the above presented techniques, the error due to the nonlinear iterative procedure can be
easily brought arbitrary small.
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